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Abstract: We consider the action of a special class of reciprocal transformation
on the principal hierarchy associated to a semisimple F -manifold with compatible flat
structure (M, ◦,∇, e). Under some additional assumptions, the hierarchy obtained
applying these reciprocal transformations is also associated to an F -manifold with
compatible flat structure that we call reciprocal F -manifold. We also consider the
special case of bi-flat F -manifolds (M, ◦, ∗,∇(1),∇(2), e, E) and we study reciprocal
transformations preserving flatness of both the connections ∇(1) and ∇(2) and how
they act on corresponding solutions of an augmented Darboux-Egorov system.
1 Introduction
F -manifolds have been introduced by Hertling and Manin (see [7]) at the end of
the nineties as a generalization of the framework of Frobenius manifolds built by
Dubrovin. An F -manifold (M, ◦) is a manifold equipped with a commutative, associa-
tive product ◦ on vector fields, satisfying a technical condition called Hertling-Manin
condition. We will usually represent this product as a (1, 2)-tensor field cijk, so that
the i-th component of the product vector field X ◦Y is given by (X ◦Y )i = cijkXjY k.
We first recall the following:
Definition 1.1 (Manin, [10]) An F -manifold with compatible flat structure (flat
F -manifold for short) is a manifold equipped with a flat torsionless connection ∇ and
a commutative associative product on vector fields cijk such that
∇lcijk = ∇jcilk. (1.1)
In the previous definition there is no mention of the Hertling-Manin condition, since,
in this case, it is automatically fulfilled.
1
From now on we will focus our attention on semisimple flat F -manifolds, for which
the product ◦ admits a flat identity, namely a vector field e such that e ◦ X = X
for each X vector field and ∇e = 0. The adjective semisimple simply means that
there exists a system of coordinates (u1, . . . un) (called canonical coordinates for the
product) such that cijk = δ
i
jδ
i
k in these coordinates. Moreover, the manifolds we
consider are topologically open subsets of Rn.
Since in canonical coordinates u1, . . . , un, the identity e has necessarily the form
e =
∑n
i=1
∂
∂ui
, it is not difficult to see that the Christoffel symbols of ∇ for a flat F -
manifold (M, ◦,∇, e) must satisfy the following conditions when expressed in canon-
ical coordinates:
Γijk = 0 for i 6= j 6= k 6= i
Γijj = −Γiji for i 6= j
Γiii = −
∑
k 6=i
Γiik .
(1.2)
Let us remark that the first and the second constraints in (1.2) are equivalent to the
compatibility of ∇ with the product, while the second and the third requirements
are equivalent to ∇e = 0. Obviously these constraints do not specify ∇ uniquely;
on the other hand, once the function Γiij are given, the connection ∇ is uniquely
determined. We call a connection satisfying (1.2) the natural connection associated
to the functions Γiij.
The relevance for the theory of integrable PDEs of the geometric framework pro-
vided by semisimple flat F -manifolds is twofold. On one hand, given a semisimple flat
F -manifold (M, ◦,∇, e) it has been proved in [9] that a straightforward generalization
of Dubrovin’s principal hierarchy construction can be implemented.
On the other hand, as it has been proved in [8], given a semi-Hamiltonian system
(see below), it is possible to associate to it a semisimple F -manifold with compatible
connection (in the general case, this connection will not be flat but it will satisfy
an extended compatibility condition with respect to the product). For certain semi-
Hamiltonian systems, like for instance the ǫ-system, the associated semisimple F -
manifold is indeed a flat F -manifold.
Let us briefly recall how to associate a natural connection to a semi-Hamiltonian
system. A hierarchy of quasilinear PDEs
uit = v
i(u1, . . . , un)uix, i = 1, . . . , n. (1.3)
is called semi-Hamiltonian if the characteristic velocities vi, i = 1, . . . n satisfy the
following system of PDEs:
∂j
(
∂kv
i
vi − vk
)
= ∂k
(
∂jv
i
vi − vj
)
∀ i 6= j 6= k 6= i. (1.4)
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Once we have a semi-Hamiltonian system like (1.3), we define
Γiij(u
1, . . . , un) :=
∂jv
i
vj − vi for i 6= j. (1.5)
A part from defining Γiij , equation (1.5) can be thought of providing the equation for
the characteristic velocities w1, . . . , wn of the symmetries
uiτ = w
i(u1, . . . , un)uix, i = 1, . . . n,
of (1.3) via
∂jw
i
wi − wj =
∂jv
i
vi − vj , i 6= j. (1.6)
Observe that once Γiij are given via the characteristic velocities using (1.5), the cor-
responding natural connection ∇ (1.2) is determined. Let us also remark that the
semi-Hamiltonian condition, namely system (1.4) provides the integrability conditions
for the equations (1.6) that determine symmetries and also for the equation
∂i∂jA− Γiij∂iA− Γjji∂jA = 0, , i 6= j, (1.7)
whose solutions are exactly the conserved densities for (1.3) (here Γiij are given by
(1.5)). For more information about semi-Hamiltonian systems of hydrodynamic type
see [14].
Let us point out that the natural connection ∇ canonically associated to a semi-
Hamiltonian system is not in general flat. However the following properties hold. The
semi-Hamiltonian condition (1.4) is equivalent to
∂iΓ
k
kj − ΓkkjΓjij + ΓkikΓkkj − ΓkikΓiij = 0, ∀i 6= j 6= k 6= i (1.8)
which also gives the conditions
∂jΓ
i
ik = ∂kΓ
i
ij , ∀i 6= j 6= k 6= i. (1.9)
In this paper we investigate a class of transformations among flat semisimple F -
manifolds; these transformations arise from reciprocal transformations relating the
corresponding semi-Hamiltonian PDEs. Originating from the study of gas dynamics,
reciprocal transformations play an important role in the theory of integrable PDEs
(see for instance [13, 14, 5, 11, 6, 15, 2, 1]) since they are non-trivial transformations
preserving the integrability. In particular they preserve the semi-Hamiltonian prop-
erty and thus their action is well defined on natural connections. We will focus our
attention on reciprocal transformations of the form:
dt˜ = dt, dx˜ = Adx+Bdt, (1.10)
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preserving the time variable. The reason for restricting our attention to this class
is due to the fact that they have a clear geometric interpretation at the level of flat
F -manifolds. The functions A and B appearing above are the density and the current
of a conservation law respectively.
The aim of the present work is to characterize reciprocal transformations of the
form (1.10) preserving flatness of the natural connection. We will show that such
transformartions are generated by any density of conservation law satisfying the com-
plete compatible system:
∂q∂pA = ∂pAΓ
p
pq + ∂qAΓ
q
pq, p 6= q
∂2pA = −
∑
l 6=p
∂l∂pA+
1
A
∂pA
n∑
l=1
∂l A.
(1.11)
Remarkably, no extra conditions are necessary. (To see that system (1.11) is complete,
one defines θp := ∂p ln(A) and rewrite both equations in terms of θp and its first
derivatives with respect to all the independent variables.) Comparing this result
with similar results obtained in the study of reciprocal transformations preserving
the locality of Hamiltonian operators, we see that conditions (1.11) are much less
stringent compared to those found in other works (see for instance [5], [1]) and thus
they provide a higher degree of flexibility. At least for reciprocal transformations of
the special form (1.10), we believe that the framework provided by the point of view
adopted here, emphasizing the role of natural connections rather than focusing on
the flatness of the transformed metric, seems more powerful.
The geometric counterpart of reciprocal transformations of the form (1.10) sending
a given flat natural connection to another flat natural connection is a map ψA :
(M, ◦,∇, e)→ (M, ◦, ∇˜, e) between F -manifolds with compatible flat structure, which
is explicitly given by
Γ˜ijk = Γ
i
jk + c
i
jke
l(∂l lnA)− cilj(∂k lnA)el + cljk(∂l lnA)ei − cilk(∂j lnA)el, (1.12)
where Γijk and Γ˜
i
jk are the Christoffel symbols of ∇ and ∇˜ respectively. In this
geometric set-up the system (1.11) for A can be rewritten as
∇q∇pA = e(lnA)clpq∇lA, (1.13)
where p and q are possibly equal and the following definition is completely natural:
Definition 1.2 We call two flat F -manifolds (M, ◦,∇, e), (M, ◦, ∇˜, e) related via a
ψA for some A satisfying (1.13) reciprocal F -manifolds.
The paper is organized as follows. In Section 2 we recall few facts about recip-
rocal transformations of the form (1.10), we derive conditions (1.11) and prove that
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the corresponding system is complete and compatible. In Section 3 we provide a
geometric interpretation within the framework of flat F -manifolds. We also consider
transformations of the form (1.10) sending a bi-flat F -manifold to another bi-flat F -
manifold (bi-flat F -manifolds have been introduced by the authors in [4], and they
have remarkable properties in terms of recurrence relations, see [3]). It turns out that
such transformations are generated by homogeneous flat coordinates depending only
on the differences of the canonical coordinates. In Section 4 we determine the orbit
structure of all semi-Hamiltonian systems that can be obtained from a given diag-
onal semi-Hamiltonian system whose associated natural connection is flat, iterating
reciprocal transformation of the form (1.10) preserving the flat F -manifold structure.
In Section 5, we further explore the action of reciprocal transformations of the form
(1.10) on bi-flat F -manifolds. We briefly recall from [4] how it is possible to associate
to a solution of a suitably augmented Darboux-Egorov system, a bi-flat F -manifold
structure and we explore how the reciprocal transformations considered in this pa-
per act on solutions of this augmented Darboux-Egorov system. In particular, we
prove that if one starts with a bi-flat F -manifold constructed from a solution of this
Darboux-Egorov system, also the new bi-flat F -manifold one obtains is associated to
a (different) solution of the extended Darboux-Egorov system. In Section 6 we review
few facts about a particular semi-Hamiltonian system, the so called ǫ-system, whose
natural connection is flat. Actually this system is associated to a bi-flat F -manifold
structure. We will use it in Sections 7, 8 to construct explicit examples of reciprocal
transformations preserving the flatness of the natural connection in dimension 2 and
3 respectively. Moreover, we will use it in Section 9 to build explicit examples of
reciprocal transformations preserving the bi-flat F -manifold structure.
2 Reciprocal transformations preserving flatness
Let us consider reciprocal transformations, namely a change of independent coordi-
nates of the form
dt˜ = dt, dx˜ = Adx+Bdt. (2.1)
By definition, since dx˜ is an exact form, we have d (Adx+Bdt) = 0. This means
that A is a density of conservation law and B the related current. Indeed, from
d (Adx+Bdt) = 0 we have Atdt ∧ dx+Bxdx ∧ dt = 0, or At = Bx. In other words
At =
∑
l
∂lAu
l
t =
n∑
l=1
∂lAv
lulx
has to be a total x-derivative. It is well-known that this is equivalent to
δ
δui
(∑
l
∂lAv
lulx
)
= 0, (2.2)
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where δ
δui
is the variational derivative. After having performed some straightforward
computations, the previous condition on A is equivalent to
∂i∂jA− ∂jAΓjij − ∂iAΓiij = 0, i 6= j
which is exactly the condition for A being a density of conservation law. It is easy to
check that as effect of this transformation the characteristic velocities transform as:
vi → v˜i(u) = Avi − B, i = 1, . . . , n.
Indeed, using (2.1) we find
uit = u
i
t˜
dt˜
dt
+ uix˜
dx˜
dx
= ui
t˜
+Buix˜,
uix = u
i
x˜
dx˜
dx
= Auix˜,
and since uit = v
iuix, and u
i
t˜
= v˜iuix˜, we obtain immediately the transformation of the
characteristic velocities.
Lemma 2.1 As a consequence of vi → v˜i(u) = Avi−B, i = 1, . . . , n, the Christoffel
symbols Γiij :=
∂jv
i
vj−vi
transform as
Γiij → Γ˜iij = Γiij − ∂j lnA. (2.3)
Proof: Since Γ˜iij :=
∂j v˜
i
v˜j−v˜i
, by direct substitution we have
Γ˜iij = Γ
i
ij +
vi∂jA
A(vj − vi) −
∂jB
A(vj − vi) .
The fact that At = Bx implies that the following system of PDEs hold identitcally:
∂jB−vj∂jA = 0 (no sum over j). Therefore substituting ∂jB = vj∂jA in the previous
expression we get immediately (2.3).
The new characteristic velocities still satisy the semi-Hamiltonian condition, so
the resulting system ui
t˜
= (Avi−B)uix˜ of hydrodynamic type is also semi-Hamiltonian.
Suppose now that the natural connection ∇ associated to functions Γiij is flat. Let
us consider the natural connection ∇˜ associated to functions Γ˜iij :
Γ˜ijk = 0 for i 6= j 6= k 6= i
Γ˜ijj = −Γ˜iji = Γijj + ∂j lnA for i 6= j
Γ˜iji = Γ
i
ji − ∂j lnA for i 6= j
Γ˜iii = −
∑
k 6=i
Γ˜iik = Γ
i
ii +
∑
l 6=i
∂l lnA .
(2.4)
Now we determine under which conditions on A the deformed natural connection ∇˜
is flat, assuming that the initial natural connection ∇ is flat.
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Theorem 1 The transformed natural connection ∇˜ is flat iff the density A of con-
servation law satisfies the equation:
n∑
l=1
∂k∂l A =
1
A
∂k A
n∑
l=1
∂l A (2.5)
Proof: In order to get a new flat connection ∇˜ we have to impose
R˜iiki = ∂kΓ˜
i
ii − ∂iΓ˜iik
R˜iqqi = ∂qΓ˜
i
qi − ∂iΓ˜iqq + Γ˜iiq(Γ˜iiq − Γ˜qiq)−
∑
p 6=i,q
Γ˜ipiΓ˜
p
qq − Γ˜iiiΓ˜iqq − Γ˜iqiΓ˜qqq,
since, for a natural connection, these are the only possibly non-vanishing components
of the Riemann tensor. The first condition gives us
0 = ∂kΓ˜
i
ii − ∂iΓ˜iik = ∂k
∑
l 6=i
∂l lnA+ ∂i∂k lnA =
∂k
(
n∑
l=1
∂l lnA
)
= ∂k
(∑n
l=1 ∂l A
A
)
=
∑n
l=1 ∂k∂l A
A
− ∂k A
∑n
l=1 ∂l A
A2
that is, multiplying by A:
n∑
l=1
∂k∂l A =
∂k A
∑n
l=1 ∂l A
A
,
which can be written as
∂ke(A) =
e(A)∂kA
A
,
or equivalently
∂k(e(ln(A)) = 0. (2.6)
The second condition is automatically satisfied since A is a density of conservation
law. Indeed we have
R˜iqqi = −∂2q lnA− ∂i∂q lnA− ∂q lnA(Γiiq − Γqiq)− Γiiq(∂q lnA− ∂i lnA) +
+∂q lnA(∂q lnA− ∂i lnA)−
∑
l 6=i,q
∂l lnAΓ
l
lq −
∑
l 6=i,q
Γili∂q lnA+
+
∑
l 6=i,q
∂l lnA∂q lnA +
∑
l 6=i
∂l lnAΓ
i
iq +
∑
l 6=i
Γiil∂q lnA−
∑
l 6=i
∂l lnA∂q lnA+
−
∑
l 6=q
∂q lnAΓ
q
lq −
∑
l 6=q
Γiqi∂l lnA+
∑
l 6=q
∂q lnA∂l lnA,
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where we used the fact that the undeformed connection ∇ is indeed flat. Then using
also the condition on A coming from ∂kΓ˜
i
ii − ∂iΓ˜iik = 0 written above, we obtain that
the previous expression for R˜iqqi is equal to
∂q
(∑
l 6=i,q
∂l lnA
)
+ ∂q lnAΓ
q
iq − ∂q lnA∂i lnA+
−
∑
l 6=i,q
∂l lnAΓ
l
lq −
∑
l 6=q
∂q lnAΓ
q
lq +
∑
l 6=q
∂q lnA∂l lnA =
=
1
A
∑
l 6=i,q
(
∂q∂lA− ∂lAΓllq − ∂qAΓqlq
)
= 0,
where the last equality comes from (1.7).
Corollary 2.2 The transformed natural connection ∇˜ is flat iff A is a density of
conservation law and A satisfies
e(A) = hA, (2.7)
where e =
∑n
l=1
∂
∂ul
and h is an arbitrary constant.
Proof: Immediate because of (2.6).
Combining equation (2.5) with equation (1.7), we obtain a compatible system
involving all second derivatives of A. This is the content of the following:
Theorem 2 The system
∂q∂pA = ∂pAΓ
p
pq + ∂qAΓ
q
pq, p 6= q
∂2pA = −
∑
l 6=p
∂l∂pA +
∂pA
∑
l ∂l A
A
(2.8)
is compatible.
Proof. The compatibility conditions
∂p∂q∂rA− ∂q∂p∂rA = 0
for distinct indices follow from the condition (1.8). We have only to check
∂p∂q∂pA− ∂q∂2pA = 0.
The following identities holds because of system (2.8)
∂p∂q∂pA = ∂
2
pAΓ
p
pq + ∂pA∂pΓ
p
pq + ∂p∂qAΓ
q
pq + ∂qA∂pΓ
q
pq,
∂q∂
2
pA = −
∑
l 6=p
∂l∂q∂pA + ∂q
(
∂pA
∑
l
∂l ln(A)
)
= −
∑
l 6=p
∂l
(
∂pAΓ
p
pq + ∂qAΓ
q
pq
)
+ ∂q∂pA
∑
l
∂l lnA,
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where in the last equality in the second equation we used the fact that e(ln(A)) is a
constant. Combining the two previous expressions we obtain
∂p∂q∂pA− ∂q∂2pA =
∑
l
∂l∂pAΓ
p
pq + ∂pA
∑
l
∂lΓ
p
pq +
∑
l
∂l∂qAΓ
q
pq+
+∂qA
∑
l
∂lΓ
q
pq − ∂q∂pA
∑
l
∂l lnA = 0.
(2.9)
Indeed ∑
l
∂lΓ
i
ik =
∑
l 6=i,k
∂lΓ
i
ik + ∂iΓ
i
ik + ∂kΓ
i
ik =
∑
l 6=i,k
∂kΓ
i
il + ∂iΓ
i
ik + ∂kΓ
i
ik
using (1.9) in the last equality. Furthermore we have∑
l 6=i,k
∂kΓ
i
il + ∂iΓ
i
ik + ∂kΓ
i
ik =
−∂kΓiik − ∂kΓiii + ∂iΓiik + ∂kΓiik = 0,
where the first equality comes from Γiii =
∑
l 6=i Γ
i
il (the third of (1.2)) while the second
equality is due to (1.9). Moreover we have∑
l
∂l∂pAΓ
p
pq +
∑
l
∂l∂qAΓ
q
pq − ∂q∂pA
∑
l
∂l lnA =
∑
l
∂l lnA
(
∂pAΓ
p
pq + ∂q AΓ
q
pq − ∂q∂pA
)
= 0.
Therefore (2.9) is indeed satisfied and compatibility holds.
Remark 2.3 System (2.8) can be seen to complete if one rewrites it with respect to
θp := ∂p ln(A). Indeed, written with respect to θp, p = 1, . . . , n it is equal to
∂qθp = θpΓ
p
pq + θqΓ
q
qp − θpθq, p 6= q,
∂pθp = −θ2p + θp
n∑
l=1
θl −
∑
l 6=p
(∂lθp + θpθl) .
(2.10)
Before concluding this section, let us observe that once a density of conservation law
satisfying (2.7) is computed, to determine the corresponding conserved current B one
has to solve the linear system of PDEs
∂iB − vi∂iA = 0, i = 1, . . . , n,
for the unknown B. This system for B is automatically compatible if A is a density
of conservation law and if Γiij =
∂jv
i
vj−vi
.
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3 Geometric interpretation
In this section, we give a geometric interpretation of system (2.8) within the frame-
work of flat F -manifolds. We also consider reciprocal transformations acting on two
flat connections, this time within the set-up of bi-flat F -manifolds.
As pointed out in the Introduction, to any semi-Hamiltonian system one can asso-
ciate a natural connection, which, albeit not always flat, satisfies a suitable extended
compatibility condition with respect to the product. In [9] a distinguished class of
F -manifolds was identified, corresponding exactly to semi-Hamiltonian systems. This
class is given by the following definition:
Definition 3.1 An F -manifold with compatible connection is a manifold endowed
with an associative commutative multiplicative structure ◦ on vector fields given by a
(1, 2)-tensor field c and a torsionless connection ∇ satisfying condition
(∇X◦) (Y, Z) = (∇Y ◦) (X,Z) , (3.1)
and condition
Z ◦R(W,Y )(X) +W ◦R(Y, Z)(X) + Y ◦R(Z,W )(X) = 0, (3.2)
where R(W,Y ) is the curvature tensor of ∇, for any choice of the vector fields
(X, Y,W,Z). In local coordinates, condition (3.1) is just (1.1) while the other condi-
tion reads
Rklmic
n
pk +R
k
lipc
n
mk +R
k
lpmc
n
ik = 0 . (3.3)
Notice that if ∇ is flat then condition (3.2) is automatically fulfilled, so flat F -
manifolds are a special subclass of F -manifolds with compatible connection.
In the semisimple case condition (3.3) reduces to semi-Hamiltonian condition (1.4).
This means that reciprocal transformations act naturally on F -manifold with compat-
ible connection. However only part of the Christoffel symbols are prescribed by the
transformation and even the transformation law for the product is unclear. This is
due to the fact that reciprocal transformations are well defined on semi-Hamiltonian
hierarchies and the same semi-Hamiltonian hierarchy can be associated to different
F -manifolds.
To avoid this ambiguity one has to introduce equivalence classes of semisimple
F -manifolds with compatible connection. We give the following:
Definition 3.2 Let (M, ◦,∇, e) and (M, ⋆, ∇˜, E) be two semisimple F -manifolds with
compatible connections ∇ and ∇˜ respectively, which we assume equipped with identi-
ties e and E. (We do not assume necessarily ∇e = 0 and ∇˜E = 0). Assume also that
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E is an eventual identity (see [10]) relating ◦ and ⋆, which means that E is invert-
ible1 with respect to ◦ and X ⋆ Y := X ◦ Y ◦E−1. Then we say that (M, ◦,∇, e) and
(M, ⋆, ∇˜, E) are equivalent if ∇ and ∇˜ are almost hydrodynamically equivalent (see
[3]), namely if Γiij = Γ˜
i
ij, i 6= j, in the canonical coordinates for ◦ or in the canonical
coordinates for ⋆.
Since almost hydrodynamically equivalent connections define the same semi-Hamiltonian
system, the Definition above identifies an equivalence class of F -manifold with com-
patible connection having the same associated hierarchy.
The Christoffel symbols Γiij fix uniquely an equivalence class and therefore the
reciprocal transformation is well defined on the equivalence class. In practice, one can
fix a representative in each equivalence class and define the transformation on these
representatives. For instance, one can fix the product ◦ and choose the connection
∇ compatible with this product and satisfying the additional requirement ∇e = 0
(where e is the unity vector field). This is just the natural connection we introduced
at the beginning of the paper.
In this work we restrict our investigation to the special case where the natural
connection is flat, so we are interested in F -manifold with flat compatible connection,
for brevity flat F -manifold. The notion of flat F -manifold was recalled in Definition
1.1 in the Introduction. Using commutativity of the algebra, it is easy to check that
in flat coordinates we have
cijk = ∂j∂kC
i.
Let us remark that in the Frobenius manifold, due to the existence of metric g com-
patible with ∇ and invariant with respect to ◦, one can make an additional step and
obtain C i = ηij∂jF for a suitable function F (the Frobenius potential).
The following Theorem provides a geometric interpretation of a reciprocal trans-
formation of the form (1.10) using flat F -manifolds. First we need a simple
Lemma 3.3 Equations (1.11) expressing the fact that A is a density of conservation
law preserving flatness of the natural connection are equivalent to
∇q∇pA = e(lnA)clpq∇lA (3.4)
Proof: For p 6= q the right hand side of (3.4) is identically zero since clpq = δlpδlq,
therefore one has ∇q∇pA = 0 which is exactly the first of (1.11), saying that A is a
density of conservation law. For p = q, (3.4) reduces to
∇p(∂pA) = 1
A
e(A)∂pA.
1There is also an additional requirement which is equivalent, in the semisimple case, to the
vaishing of the Nijenhuis torsion of E◦.
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Expanding ∇p(∂pA) one obtains
∇p(∂pA) = ∂2pA− Γppp∂pA−
∑
l,l 6=p
Γlpp∂lA.
Using the properties of the natural connection (1.2), the previous expression becomes
∇p(∂pA) = ∂2pA+
∑
l,l 6=p
Γppl∂pA+
∑
l,l 6=p
Γllp∂lA.
Finally using the equation for A being a density of conservation law, we have that∑
l,l 6=p Γ
p
pl∂pA +
∑
l,l 6=p Γ
l
lp∂lA is equal to
∑
l,l 6=p ∂l∂pA, so that
∇p(∂pA) = ∂2pA+
∑
l,l 6=p
∂l∂pA.
Substituting this into ∇p(∂pA) = 1Ae(A)∂pA and rearranging terms one recognize the
second equation in (1.11).
Theorem 3 Let (M,∇, ◦, e) a (semisimple) F -manifold with compatible flat struc-
ture and flat identity e. Given a function A satisfying
∇q∇pA = e(lnA)clpq∇lA, (3.5)
(with p possibly equal to q) the quadruple (M, ∇˜, ◦, e) with connection ∇˜ whose Christof-
fel symbols are given by the formula:
Γ˜ijk = Γ
i
jk + c
i
jke
lωl − ciljωkel + cljkωlei − cilkωjel, ωl := ∇l(ln(A)) (3.6)
define a new (semisimple) F -manifold with compatible flat structure and flat identity
e.
Proof: One can easily check, by straightforward computations, that conditon
(3.6) reduces to (2.4). The fact that (3.5) reduces to (2.8) is just the content of the
Lemma 3.3.
Let us observe that the two reciprocal flat F -manifold (M,∇, ◦, e) and (M, ∇˜, ◦, e)
constructed via Theorem 3 are not equivalent according to Definition 3.2 (it is not
forbidden to consider E := e in that Definition), since they are associated to different
semi-Hamiltonian systems.
Remark 3.4 It is quite natural to ask what happens for more general reciprocal trans-
formations involving also changes in the time variable:
dx˜ = Adx+ Bdt, dt˜ = Mdx+Ndt. (3.7)
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Unfortunately in this case the transformation law for the Christoffel symbols is much
more complicated and it is given by
Γ˜iij =
[
N −Mvj
N −Mvi
]
Γiij +
∂jA(N −Mvj)
BM −AN +
∂jM(Av
i − B)
BM − AN
[
N −Mvj
N −Mvi
]
.
Even if one considers the transformation of time alone, thus setting A = 1, B = 0, it
is not clear how to give an interpretation of the modified connection in terms of the
geometry of a flat F -manifold.
In the last part of this Section, we focus our attention on reciprocal transforma-
tions of the form (1.10) preserving a bi-flat F -manifold structure. Bi-flat F -manifolds
have been introduced in [4] as a convenient generalization of the concept of (confor-
mal) Frobenius manifolds, particularly adapted to study integrable PDEs of hydro-
dynamic type. Let us recall the relevant definition.
Definition 3.5 A bi-flat semisimple F -manifold (M,∇(1),∇(2), ◦, ∗, e, E) is a semisim-
ple F -manifold (M, ◦, e) endowed with a pair of flat connections ∇(1) and ∇(2) and
with an eventual identity E satisfying the following conditions:
• ∇(1) is compatible with the product ◦ and ∇(1)e = 0,
• ∇(2) is compatible with the product ∗ and ∇(2)E = 0,
• ∇(1) and ∇(2) are almost hydrodynamically equivalent, namely in canonical co-
ordinates for ◦ one has Γ(1)iij − Γ(2)iij = 0, i 6= j, where Γ(1) and Γ(2) are the
Christoffel symbols associated to the connections ∇(1) and ∇(2) respectively. An
analogous statement holds in canonical coordinates for ∗, see [3].
Observe that any Frobenius manifold possesses automatically a bi-flat F -manifold
structure in the above sense. The second flat connection ∇(2) is hydrodymically
equivalent 2 to the Levi-Civita connection ∇ of the intersection form which, as it is
well-known, does not fulfill, in general, the condition ∇E = 0.
Let us recall from [4] that the data E, ∗,∇(2) have the following expressions in the
canonical coordinates of the first product ◦:
E :=
n∑
i=1
ui
∂
∂ui
, c∗ijk =
1
ui
δijδ
i
k,
2The difference between the Christoffel symbols is proportional to the structure constants.
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where c∗ijk are the structure constants of ⋆ and ∇(2) has Christoffel symbols:
Γ
(2)i
jk := 0 ∀i 6= j 6= k 6= i,
Γ
(2)i
ij := Γ
(1)i
ij
Γ
(2)i
jj := −
ui
uj
Γ
(2)i
ij i 6= j,
Γ
(2)i
ii := −
∑
l 6=i
ul
ui
Γ
(2)i
li −
1
ui
.
(3.8)
To determine how Γ
(2)i
jk transform under the action of the reciprocal transformation
generated by A we proceed as in (2.4) and we find the following formulas, valid in
the canonical coordinates of ◦:
Γ˜
(2)i
jk = 0, i 6= j 6= k 6= i,
Γ˜
(2)i
jj = Γ
(2)i
jj +
ui
uj
∂j ln(A), i 6= j,
Γ˜
(2)i
ii = Γ
(2)i
ii +
∑
l l 6=i
ul
ui
∂l ln(A).
(3.9)
Summarizing, we have the following Proposition which is the counterpart of The-
orem 3.
Proposition 3.6 The conditions for a function A to map via ψA a flat semisimple
F -manifold (M,∇(2), ∗, E) to another flat semisimple F -manifold (M, ∇˜(2), ∗, E) are
given by
∇(2)q ∇(2)p A = E(lnA)c∗lpq∇(2)l A. (3.10)
Moreover the connection ∇(2) transforms as
Γ˜
(2)i
jk = Γ
(2)i
jk + c
∗i
jkE
lωl − c∗iljωkEl + c∗ljkωlEi − c∗ilkωjEl, ωl := ∇(2)l (ln(A)). (3.11)
Proof: Since in canonical coordinates for ∗, (w1, . . . , wn) we have E =∑ni=1 ∂∂wi ,
c∗ijk = δ
i
jδ
i
k, ∇(2) has just the form of the natural (1.2) connection in such coordinates.
Then condition (3.10) follows immediately from Theorem 3. Also since in the canon-
ical coordinates of ◦, El = ul and c∗ilj = 1ui δilδij , we see that the formula (3.11) gives
back formulas (3.9), which are written in canonical coordinates for ◦.
Combining the previous Proposition with Theorem 3 we obtain that the con-
ditions for a density of conservation law A to map a semisimple bi-flat F -manifold
(M,∇(1),∇(2), ◦, ∗, e, E) to another semisimple bi-flat F -manifold (M, ∇˜(1), ∇˜(2), ◦, ∗, e, E)
via the map ψA are given by the system of equations (here c
l
pq are the structure con-
stants of ◦, while c∗lpq are the structure constants of ∗):
∇(1)q ∇(1)p A = e(lnA)clpq∇(1)l A,
∇(2)q ∇(2)p A = E(lnA)c∗lpq∇(2)l A,
(3.12)
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where p is possibly equal to q. Before we construct concrete examples of reciprocal
transformations preserving the bi-flat F -manifold structure, it is convenient to have
a simpler form of equations (3.12). This is provided by the following:
Proposition 3.7 Equations (3.12) are equivalent to the following system for A the
first equation is written in canonical coordinates for ◦ or for ∗):
∂i∂jA− Γiij∂iA− Γjji∂jA = 0,
e(A) = hA,
E(A) = kA.
(3.13)
where h and k are constants.
Before giving a proof, let us observe that in the first equation of (3.13) it is not nec-
essary to specify if we are considering the first or the second connection, because ∇(1)
and ∇(2) are almost hydrodynamically equivalent, and thus the Christoffel symbols
appearing there are the same for the two connections.
Proof: For p 6= q both right hand sides of (3.12) vanish, since clpq = δlpδlq and c∗lpq =
1
ul
δlpδ
l
q in canonical coordinates (u
1, . . . , un) for ◦ (the derivation of the expression for
c∗lpq can be found in [3]). As already observed above, due to the fact that ∇(1) and ∇(2)
are almost hydrodynamically equivalent, we have that ∇(1)q ∂pA = ∂p∂qA− Γppq∂pA−
Γqqp∂qA = ∇(2)q ∂pA and this gives us the first equation in (3.13). For p = q, we already
know that the first equation in (3.12) is equivalent to e(A) = hA, h constant, because
of Corollary 2.2.
Now we focus on the second equation of (3.12) for p = q. In this case we have
∇(2)p ∂pA = E(ln(A))
1
up
∂pA.
The left hand side ∇(2)p ∂pA is equal to
∂2pA− Γ(2)ppp ∂pA−
∑
l, l 6=p
Γ(2)lpp ∂lA.
At this point we need the Christoffel symbols for the second connection∇(2) appearing
in the expression above, given in equations (3.8). Substituting the expressions in
equations (3.8) into the left hand side of (3.12) for p = q we obtain
∂2pA+
(∑
l, l 6=p
ul
up
Γppl +
1
up
)
∂pA+
∑
l, l 6=p
ul
up
Γllp∂lA =
1
A
E(A)
1
up
∂pA, (3.14)
where we dropped the distinction between first and second connections, since for
the Christoffel symbols entering in (3.14) they are equal. Since A is a density of
conservation law, it satisfies
∂l∂pA− Γllp∂lA− Γppl∂pA = 0, p 6= l
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and multiplying by u
l
up
and summing over l for l 6= p one gets
∑
l, l 6=p
(
ul
up
ΓpplppA+
ul
up
Γllp∂lA
)
=
∑
l, l 6=p
ul
up
∂l∂pA.
Substituting this into equation (3.14) and multiplying both sides by up we obtain
up∂2pA+
∑
l, l 6=p
∂p(u
l∂lA) + ∂pA =
1
A
E(A)∂pA. (3.15)
The left hand side of (3.15) is readily recognized to be ∂p(E(A)) so we are reduced
to
∂p(E(A)) =
E(A)
A
∂pA.
Dividing both sides by A we have
∂p(E(A))
A
− E(A)∂pA
A2
= 0,
which is just
∂p
(
E(A)
A
)
= 0,
which is just the last equation of (3.13).
Let us remark that system (3.13) does not admit solutions for arbitrary values of
the constants h and k. In particular h must vanish.
Theorem 3.8 The system e(A) = hA, E(A) = kA admits non trivial solutions iff
h = 0.
Proof. The general solution of the equation e(A) = hA can be written in the form:
A = ehu
1
F (u2 − u1, . . . , un − u1).
Substituting A = ehu
1
F (u2−u1, . . . , un−u1) into the equation E(A) = kA we obtain
ehu
1
[(
n∑
l=2
ul∂l + u1∂1
)
F (u2 − u1, . . . , un − u1)− (k − hu1)F (u2 − u1, . . . , un − u1)
]
= 0.
Introducing the variables u˜1 = u1, u˜l = ul − u1, l = 2, . . . , n and dividing by ehu1 the
last equation reduces to
n∑
l=2
u˜l∂lF (u˜
2, . . . , u˜n)− (k − hu˜1)F (u˜2, . . . , u˜n) = 0,
where in the equation above ∂l :=
∂
∂u˜l
. If h 6= 0 differentianting both sides with
respect to u˜1 we obtain
−hF (u˜2, . . . , u˜n) = 0.
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Corollary 3.9 Necessary condition for a density of conservation law A to map a
semisimple bi-flat F -manifold (M,∇(1),∇(2), ◦, ∗, e, E) to another semisimple bi-flat
F -manifold given by data (M, ∇˜(1), ∇˜(2), ◦, ∗, e, E) is to be a homogeneous flat coor-
dinate of the natural connection ∇(1).
Proof. Due to the Theorem 3.8, densities of conservation law preserving the flatness
of both the connections ∇(1) and ∇(2) necessarily satisfy the system
∂i∂jA− Γiij∂iA− Γjji∂jA = 0,
e(A) = 0.
E(A) = kA,
(3.16)
for some constant k. On the other hand, homogeneous flat coordinates f of the
natural connection are the solutions of the system
∂i∂jf − Γiij∂if − Γjji∂jf = 0,
∂2i f − Γlii∂lf =
∂2i f +
∑
l 6=i
(
Γiil∂if + Γ
l
il∂lf
)
= ∂ie(f),
E(f) = k′f,
(3.17)
where the last equality in the second equation is obtained using the first equation and
k′ is a constant. Comparing the two systems we obtain the result. Notice that the
condition is just necessary since if f is a homogenous flat coordinate for the natural
connection, then it does not follow in general that e(f) = 0.
Summarizing we have the following Theorem concerning reciprocal transforma-
tions preserving the bi-flat F -manifold structure:
Theorem 3.10 Let (M,∇(1),∇(2), ◦, ∗, e, E) be a (semisimple) bi-flat F -manifold
and A any homogeneous flat coordinate for ∇(1) satisfying the further condition e(A) =
0. Then the sextuple (M, ∇˜(1), ∇˜(2), ◦, ∗, e, E) with connections ∇˜(1) and ∇˜(1) whose
Christoffel symbols are defined respectively by the formulas
Γ˜
(1)i
jk = Γ
(1)i
jk + c
i
jke
lω
(1)
l − ciljω(1)k el + cljkω(1)l ei− cilkω(1)j el, ω(1)l := ∇(1)l (ln(A)) (3.18)
and
Γ˜
(2)i
jk = Γ
(2)i
jk +c
∗i
jkE
lω
(2)
l −c∗iljω(2)k El+c∗ljkω(2)l Ei−c∗ilkω(2)j El, ω(2)l := ∇(2)l (ln(A)) (3.19)
is a new (semisimple) bi-flat F -manifold.
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4 Determination of the orbit structure
We start with a given semi-Hamiltonian system of hydrodynamic type
uit = v
(0)iuix, i = 1, . . . , n, (4.1)
whose associated natural connection ∇(0) is flat. The goal of this Section is to de-
termine the orbit structure of all semi-Hamiltonian systems of hydrodynamic type
that can be obtained starting from (4.1), using reciprocal transformations of the form
considered here preserving the flatness of the natural connection. Only in this Section
the upper index among round brackets refers to the level of iteration: namely ∇(0)
is the starting flat natural connection, ∇(1) is the one obtained from ∇(0) using the
class of reciprocal transformation under consideration and so on.
Consider the equation describing density of conservation law for (4.1)
∂i∂jA− Γ(0)iij ∂iA− Γ(0)jji ∂jA = 0, i 6= j (4.2)
without imposing any other conditions on A. We denote with A(0) the vector space
over C of all solutions of (4.2), which is in general infinite dimensional. Indeed, A(0)
can be written via a direct sum decomposition as
A(0) = ⊕h∈CA(0)h ,
where A(0)h denotes the finite dimensional vector space of all solutions of the system
∂i∂jA− Γ(0)iij ∂iA− Γ(0)jji ∂jA = 0, i 6= j, e(A) = hA. (4.3)
Now we recall some well-known facts. Let us fix A(0) ∈ A(0) and consider the
reciprocal transformation ψA(0) generated by this density of conservation law. Unless
A(0) ∈ A(0)h for some h, we know that the new natural connection ∇(1) associated to
functions Γ
(1)i
ij − ∂j ln(A(0)) will not be flat, nevertheless, since reciprocal transforma-
tions preserve the semi-Hamiltonian property, it makes sense to consider the vector
space A(1) of all solutions of
∂i∂jA− Γ(1)iij ∂iA− Γ(1)jji ∂jA = 0, i 6= j. (4.4)
It is well-known that any element of A(1)α ∈ A(1) can be written as
A(1)α =
A(0)α
A(0)
,
where A(0)α varies in A(0). In other terms, each solution of (4.4) can be obtained from
a corresponding solution of (4.2) dividing it by A(0), the density of conservation law
generating the reciprocal transformation that links ∇(0) to ∇(1). Suppose now we fix
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A(1) ∈ A(1) and consider the reciprocal transformation generated by it, sending ∇(1)
to ∇(2). Any element in A(2), the vector space of all solutions of
∂i∂jA− Γ(2)iij ∂iA− Γ(2)jji ∂jA = 0, i 6= j,
can be obtained as A(2)β = A
(1)β
A(1)
, where A(1)β varies in A(1). But using the fact that
A(1)β = A
(0)β
A(0)
and the fixed element A(1) can be written as A¯
(0)
A(0)
for a suitable A¯(0) we
have that any element of A(2) can be written as
A(2)β =
A(1)β
A(1)
=
A(0)β
A(0)
A¯(0)
A(0)
=
A(0)β
A¯(0)
.
This shows the well-know property that ∇(2) can be obtained directly from ∇(0) using
the reciprocal transformation generated by A¯(0). Iterating this argument, we arrive
at the following characterization of the orbit structure, which is well-known. The
semi-Hamiltonian system of hydrodynamic type that can be reached starting from
uit = v
(0)iuix via any sequence of reciprocal transformations of the form (1.10) are
given exactly by the systems of the form
uit =
(
A(0)v(0)i − B(0))uix, (4.5)
where A(0) varies in A(0) and B(0) is the corresponding conserved current.
Now we apply these observations to the case in which we require the flatness of
the sequence of natural connections ∇(1),∇(2), . . . ,∇(k), . . . obtained starting from
∇(0). Since flatness has to be preserved, it is clear that at each step, the density
of conservation law A(k) ∈ A(k) used do define ψA(k) sending ∇(k) to ∇(k+1) has to
satisfy the condition e(A(k)) = hA(k), for some h ∈ C (where h possibly depends on
the iteration level k), because of Corollary 2.2. Therefore A(k) ∈ A(k)h for some h.
Combining these remarks we obtain the following
Proposition 4.1 Consider the semi-Hamiltonian system of hydrodynamic type uit =
v(0)iuix and assume that the associated natural connection ∇(0) is flat. Then the semi-
Hamiltonian systems that can be obtained starting from uit = v
(0)iuix through iteration
of any sequence of reciprocal transformations of the form (1.10) preserving the flat
F -manifold structure are exactly those that can be written as
uit =
(
A
(0)
h v
(0)i − B(0)h
)
uix, (4.6)
where A
(0)
h varies in A(0)h , h varies in C and B(0)h is the conserved current associated
to A
(0)
h .
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Proof: Fix A
(0)
h ∈ A(0)h for some h and consider the map ψA(0)
h
. As recalled above
this map gives a bijection from A(0) to A(1). More precisely, this map gives a bijection
ψ
A
(0)
h
: A(0)k → A(1)k−h, ∀k ∈ C,
since for each A ∈ A(0)k it is immediate to check that e
(
A
A
(0)
h
)
= (k − h)
(
A
A
(0)
h
)
.
Therefore iteration of maps of the form
∇(0)
ψ
A
(0)
h0→ ∇(1)
ψ
A
(1)
h1→ ∇(2) → . . .∇(m−1)
ψ
A
(m−1)
hm→ ∇(m),
preserves the flatness of all natural connections and it is compatible with the direct
sum decompositions of all the vector spaces A(0), A(1), . . . ,A(m). By what we recalled
above the compositions of these maps can be still be expressed directly as a map from
∇(0) to ∇(m) for a suitable density of conservation law A(0)l for some suitable l.
5 Reciprocal transformations and the Darboux-
Egorov system
In [4], we showed how to construct bi-flat F -manifold structures starting from solu-
tions of a suitably augmented Darboux-Egorov system, aDE system for short. In this
section we explore the action of the reciprocal transformations introduced before on
the solutions of the aDE system. We recall the main set-up from [4]. Consider the
following system
∂kβij = βikβkj, k 6= i 6= j 6= k,
e(βij) = 0, i 6= j
E(βij) = −βij , i 6= j
(5.1)
where e =
∑
∂
∂ui
, E =
∑
i u
i ∂
∂ui
for unknown functions βij(u
1, . . . , un), i 6= j. The
functions βij are usually known as Ricci’s rotation coefficients in the literature. Sup-
pose a solution βij (i 6= j, i, j = 1, . . . , n) is known and consider the following system
for the unknown functions Hi(u
1, . . . , un), i = 1, . . . , n (called Lame´ coefficients):
∂jHi = βijHj, i 6= j,
e(Hi) = 0,
E(Hi) = −dHi,
(5.2)
for a suitable constant d. It turns out that it is possible to choose suitable constants
d such that the system (5.2) admits nontrivial solutions (see [4]). Then if a solution
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Hi (i = 1, . . . , n) of (5.2) is known corresponding to a known solution βij (i 6= j,
i, j = 1, . . . , n), it is possible to define functions Γiij :=
Hj
Hi
βij, i 6= j and via them a
corresponding natural connection ∇(1), using formulas (1.2), and a dual connection
∇(2), using formulas (3.8). Notice also that, by construction, Γ(1)iij = Γ(2)iij , i 6= j.
It has been proved in [4] that this construction gives rise to a bi-flat F -manifold
structure (M, e, E,∇(1),∇(2), ◦, ∗), with e and E given as above and cijk = δijδik and
c∗ijk =
1
ui
δijδ
i
k. This structure is associated to any solution (βij , Hi) of (5.1) and (5.2)
respectively. It is therefore natural to investigate how the reciprocal transformations
studied above acts on solutions of (5.1) and (5.2). We proceed as follows.
We know that Γ˜iij = Γ
i
ij − ∂j ln(A), i 6= j and we can write it as
Γ˜iij =
Hj
Hi
βij − Hj
Hi
(
Hi
Hj
∂j ln(A)
)
=
H˜j
H˜i
β˜ij, i 6= j
where
β˜ij := βij − Hi
Hj
∂j ln(A), i 6= j, (5.3)
and
H˜i :=
Hi
A
. (5.4)
The reason for choosing to define H˜i as in (5.4) stems from the fact that in this way
the equation
∂jH˜i = β˜ijH˜j, i 6= j,
namely the first of (5.2) is identically satisfied:
β˜ij =
∂jH˜i
H˜j
=
∂jHi
Hj
− AHi
Hj
∂jA
A2
= βij − Hi
Hj
∂j ln(A), i 6= j
where in the last equality we used the first equation of (5.2) for βij, Hi. Formulas
(5.3) and (5.4) represents the action of the reciprocal transformations studied in the
previous Sections at the level of rotation and Lame´ coefficients, respectively.
We have the following result, which might be already known in the classical liter-
ature, maybe expressed using a different language.
Theorem 5.1 Suppose βij satisfies system (5.1) and Hi satisfies system (5.2) for the
corresponding βij for suitable d. Assume that A satisfies the following system
∂j∂iA− Γiij∂iA− Γjji∂jA = 0, i 6= j e(A) = 0, E(A) = kA
for Γiij :=
Hj
Hi
βij and for some constant k. Then
β˜ij := βij − Hi
Hj
∂j ln(A), i 6= j,
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H˜i :=
Hi
A
,
satisfy systems (5.1) and (5.2) respectively, with d replaced by d+k in the last equation
of system (5.2).
Before giving a proof, let us remark that the conditions imposed on A in Theorem
5.1 are exactly those that ensure that the reciprocal transformation generated by A
preserves the bi-flat F -manifold structure.
Proof: We assume till the end of the proof that all distinct indices are different
and repeated indices are not summed. We first analyze system (5.2). By the definition
of H˜i we have
∂jH˜i
H˜j
=
∂jHi
Hj
− Hi
Hj
∂j ln(A) = β˜ij , i 6= j
where the last equality is due to the definition of β˜ij . Therefore the first of (5.2) is
automatically fulfilled. Moreover
e(H˜i) =
e(Hi)
A
− Hi
A2
e(A) = 0,
because e(Hi) = 0 and e(A) = 0 by assumption. Finally,
E(H˜i) =
E(Hi)
A
− Hi
A2
E(A) = −(d+ k)H˜i,
since E(Hi) = −dHi and E(A) = kA.
Now we consider system (5.1). We have
e(β˜ij) = e
(
βij − Hi
Hj
∂jA
A
)
= e(βij)− e(Hi)
Hj
∂jA
A
+
Hi
H2j
e(Hj)
∂jA
A
−Hi
Hj
e(∂jA)
A
+
Hi
Hj
∂jA
A2
e(A) = 0, i 6= j
since e(Hi) = 0, e(A) = 0 and e(∂jA) = ∂j(e(A)) = 0. Analogously we have
E(β˜ij) = E
(
βij − Hi
Hj
∂jA
A
)
= E(βij)− E(Hi)
Hj
∂jA
A
+
Hi
H2j
E(Hj)
∂jA
A
−Hi
Hj
E(∂jA)
A
+
Hi
Hj
∂jA
A2
E(A), i 6= j.
Since E(βij) = −βij , E(A) = kA, E(∂jA) = (k − 1)∂jA, E(Hi) = −dHi, we have
that E(β˜ij) is equal to
−βij + dHi
Hj
∂jA
A
− dHi
Hj
∂jA
A
− (k − 1)Hi
Hj
∂jA
A
+ k
Hi
Hj
∂jA
A
= −βij + Hi
Hj
∂jA
A
= −β˜ij .
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To conclude the proof, it remains to show that also the first equation of (5.1) is
satisfied, namely we have to prove that
∂kβ˜ij = β˜ikβ˜kj, i 6= j 6= k 6= i. (5.5)
Substituting β˜ij = βij − HiHj
∂jA
A
in (5.5) we find
∂k
(
βij − Hi
Hj
∂jA
A
)
=
(
βik − Hi
Hk
∂kA
A
)(
βkj − Hk
Hj
∂jA
A
)
. (5.6)
Expanding both sides of (5.6), using the fact that βij indeed satisfies the first of (5.1)
and cancelling two terms on both sides that are obviously equal we are left to prove
that
−∂kHi
Hj
∂jA
A
+
Hi
H2j
∂kHj
∂jA
A
− Hi
Hj
∂k∂jA
A
= −Hi
Hk
∂kA
A
βkj − Hk
Hj
∂jA
A
βik. (5.7)
Since
∂k∂jA = Γ
k
kj∂kA+ Γ
j
jk∂jA =
Hj
Hk
βkj∂kA +
Hk
Hj
βjk∂jA,
substituting this expression in the left hand side of (5.7) and using ∂kHi = Hkβik
(i 6= k) and ∂kHj = Hkβjk (j 6= k) it is immediate to see that (5.7) is identically
satisfied and therefore (5.5) is satisfied too.
The meaning of Theorem 5.1 is that via the action of the reciprocal transforma-
tions we are considering, if we start from a bi-flat F -manifold structure arising via
the augmented Darboux-Egorov system, we still obtain a bi-flat F -manifold structure
associated to the augmented Darboux-Egorov system.
6 The ǫ-system
In this section we recall few facts about the ǫ-system, since the examples we construct
in the next few Sections are based on it. The semi-Hamiltonian system
uit =
(
ui − ǫ
n∑
k=1
uk
)
uix, i = 1, . . . , n,
is known in the literature [12] as the ǫ-system. In [8] it has been proved that the
natural connection associated to the ǫ-system
Γ
(1)i
jk = 0, ∀i 6= j 6= k 6= i,
Γ
(1)i
jj = −Γ(1)iij , i 6= j,
Γ
(1)i
ij =
ǫ
ui − uj , i 6= j,
Γ
(1)i
ii = −
∑
l 6=i
Γ
(1)i
li .
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is flat. Moreover, it has been observed in [4] that to the ǫ-system one can associate a
second flat connection ∇(2) defined by
Γ
(2)i
jk = 0, ∀i 6= j 6= k 6= i,
Γ
(2)i
jj = −
ui
uj
Γ
(2)i
ij , i 6= j,
Γ
(2)i
ij =
ǫ
ui − uj , i 6= j,
Γ
(2)i
ii = −
∑
l 6=i
ul
ui
Γ
(2)i
li −
1
ui
,
such that the product cijk = δ
i
jδ
i
k and c
∗i
jk =
1
ui
δijδ
i
k, e =
∑n
k=1 ∂k and E =
∑n
k=1 u
k∂k
define a bi-flat semisimple F -manifold structure.
In Sections 7, 8 we are going to construct reciprocal transformations sending
∇(1) to another flat connection, but in general not preserving the flatness of ∇(2),
in dimensions 2 and 3 respectively. Instead, in Section 9 we consider reciprocal
transformations preserving the bi-flat F -manifold structure, namely sending both
connections ∇(1) and ∇(2) to different flat connections ∇˜(1), ∇˜(2).
7 Examples in dimension two
In this section we work out an example in dimension two. Let A(u1, u2) a density of
conservation law associated to the ǫ-system. Then it satisfies the single PDE
∂1∂2A− Γ112∂1A− Γ221∂2A = 0, (7.1)
where Γ112 :=
ǫ
u1−u2
, and Γ221 :=
ǫ
u2−u1
. We also impose the condition that allows to
preserve the flatness of the natural connection ∇(1), namely
e(A) = hA, (7.2)
for some parameter h, and we consider the case h 6= 0. The general solution of (7.2)
can be easily seen to be expressible as
A(u1, u2) := f(u2 − u1)ehu1 , (7.3)
where f is an arbitrary smooth function of a single variable. Substituting the general
solution (7.3) into the single PDE for density of conservation law (7.1), after setting
z := u2 − u1 and after some straightforward computations we obtain:
z
d2f(z)
dz2
− zhdf(z)
dz
+ 2ǫ
df(z)
dz
− ǫf(z)h = 0. (7.4)
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The general solution of (7.4) is given by (for h 6= 0)
f (z) = c1 e
1
2
zh z
1
2
−ǫ J
(
ǫ− 1
2
,
1
2
√
−h2z
)
+c2 e
1
2
zh z
1
2
−ǫY
(
ǫ− 1
2
,
1
2
√
−h2z
)
,
(7.5)
where c1, c2 are constants of integration; moreover J and Y are Bessel functions of
the first and second kind, respectively, with parameter ǫ− 1
2
and with indeterminate
given by 1
2
√−h2z in both cases.
Therefore the general solution A(u1, u2) of the system (7.1, 7.2), for h 6= 0 is
given by
A(u1, u2) = ehu
1
c1 e
1
2
(u2−u1)h (u2 − u1) 12−ǫ J
(
ǫ− 1
2
,
1
2
√
−h2(u2 − u1)
)
+ehu
1
c2 e
1
2
(u2−u1)h (u2 − u1) 12−ǫY
(
ǫ− 1
2
,
1
2
√
−h2(u2 − u1)
)
.
(7.6)
To determine the current B associated to the density of conservation laws A, we
impose the condition d(Adx+Bdt) = 0 which entails At = Bx. In this case, it gives
rise to the two PDEs:
∂1B − v1∂1A = 0, ∂2B − v2∂2A = 0, (7.7)
where vi is the i-th characteristic velocity, namely ui − ǫ(u1 + u2) for the two com-
ponents ǫ-system. For general ǫ it is computationally difficult to find the general
solution of system (7.7). We present results for ǫ = ±1.
7.1 Case ǫ = 1 and h 6= 0
In this case we have
A(u1, u2) = c1
ehu
1
u2 − u1 + c2
ehu
2
u2 − u1 , (7.8)
and for the corresponding current
B(u1, u2) = c1
ehu
1
u2
u1 − u2 + c2
ehu
2
u1
u1 − u2 + c3, (7.9)
where c1, c2, c3 are arbitrary constants. The ǫ system u
i
t = v
iuix it thus mapped to
ui
t˜
= [Avi −B]uix˜ with A and B given in (7.8) and (7.9) respectively.
7.2 Case ǫ = 1 and h = 0
In this case we have
A(u1, u2) = c1 + c2
1
u2 − u1 , (7.10)
25
and for the corresponding current
B(u1, u2) =
u2c2
u1 − u2 + c3 (7.11)
where c1, c2, c3 are arbitrary constants. The ǫ system u
i
t = v
iuix it thus mapped to
ui
t˜
= [Avi −B]uix˜ with A and B given in (7.10) and (7.11) respectively.
7.3 Case ǫ = −1 and h 6= 0
In this case we have
A(u1, u2) = c1e
hu1
[
hu2 − hu1 + 2]+ c2ehu2 [hu2 − hu1 − 2] , (7.12)
and for the corresponding current
B(u1, u2) = c1e
hu1
[
6u1 − (2u1 + u2)(u1 − u2)h− 6
h
]
+c2e
hu2
[
−6u2 − (2u2 + u1)(u1 − u2)h+ 6
h
]
+ c3,
(7.13)
where c1, c2, c3 are arbitrary constants. The ǫ system u
i
t = v
iuix it thus mapped to
ui
t˜
= [Avi −B]uix˜ with A and B given in (7.12) and (7.13) respectively.
7.4 Case ǫ = −1 and h = 0
In this case we have
A(u1, u2) = c1 + c2(u
2 − u1)3, (7.14)
and for the corresponding current
B(u1, u2) = c2
3
2
(u1 + u2)(u2 − u1)3 + c3 (7.15)
where c1, c2, c3 are arbitrary constants.
8 Examples in dimension three
In dimension three, we first analyze the case in which only one connection, namely∇(1)
is preserved. We won’t be able to obtain a close formula for the density A(u1, u2, u3)
depending on ǫ, but we will present explicit formulas for ǫ = ±1 and explain the
procedure in general.
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Again we consider the system for the unknown function A(u1, u2, u3) given by
∂A
∂u1
+
∂A
∂u2
+
∂A
∂u3
= hA,
∂2A
∂u2∂u1
− ǫ
u1 − u2
∂A
∂u1
− ǫ
u2 − u1
∂A
∂u2
= 0,
∂2A
∂u3∂u2
− ǫ
u2 − u3
∂A
∂u2
− ǫ
u3 − u2
∂A
∂u3
= 0,
∂2A
∂u3∂u1
− ǫ
u3 − u1
∂A
∂u3
− ǫ
u1 − u3
∂A
∂u1
= 0.
(8.1)
First of all, observe that the general solution of the first equation of the system
provides A(u1, u2, u3) factorized as follows:
A(u1, u2, u3) = F (u2 − u1, u3 − u2)ehu2, (8.2)
where F is an arbitrary smooth function of two variables. This suggests to rewrite
the remaining three equations of system (8.1) with respect to new variables x22 := u2,
x32 := u3−u2 and x21 = u2−u1 and substitute the expression for A = F (x21, x32)ehx22 .
Proceeding in this way and dividing the resulting expressions by the never van-
ishing term ehx
22
, we obtain the system of PDEs for F (x21, x32) given by
−hx21 ∂F
∂x21
+ x21
∂2F
∂x32∂x21
− x21 ∂
2F
(∂x21)2
− 2ǫ ∂F
∂x21
− ǫhF + ǫ ∂F
∂x32
= 0,
hx32
∂F
∂x32
− x32 ∂
2F
(∂x32)2
+ x32
∂2F
∂x32∂x21
+ ǫhF − 2ǫ ∂F
∂x32
+ ǫ
∂F
∂x21
= 0,
x32
∂2F
∂x32∂x21
+ x21
∂2F
∂x32∂x21
+ ǫ
∂F
∂x32
+ ǫ
∂F
∂x21
= 0.
(8.3)
Now we show how system (8.3) can be reduced to a single ODE with respect to
the variable x32 for the function F . From the third equation in system (8.3), we
express ∂
2F
∂x32∂x21
in terms of the other derivatives. Substituting this expression in the
first two equations of (8.3) we obtain the following two PDEs:
hx21x32
∂F
∂x21
+ h(x21)2
∂F
∂x21
+ 3ǫx21
∂F
∂x21
+ x21x32
∂2F
(∂x21)2
+(x21)2
∂2F
(∂x21)2
+ 2ǫx32
∂F
∂x21
+ ǫhF (x32 + x21)− ǫx32 ∂F
∂x32
= 0,
h(x32)2
∂F
∂x32
+ hx32x21
∂F
∂x32
− (x32)2 ∂
2F
(∂x32)2
− x32x21 ∂
2F
(∂x32)2
−3ǫx32 ∂F
∂x32
+ ǫhF (x32 + x21)− 2ǫx21 ∂F
∂x32
+ ǫx21
∂F
∂x21
= 0.
(8.4)
Using the second equation in (8.4) to obtain ∂F
∂x21
in terms of the derivatives with
respect to x32 and substituting back in the first equation of (8.4) we obtain the
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following fourth order ODE in x32:
−{(x32)2(x21 + x32)} d
4F
(dx32)4
+
{2x32 (h(x32)2 + hx21x32 − 3ǫx32 − 2x32 − x21 − 2ǫx21)} d3F
(dx32)3
+{hx21(x32(3 + 5ǫ)− 4ǫ2 − h2(x32)2 − 2ǫ)− 11ǫx32(1 + ǫ)
−h2(x32)3 + (x32)2(6h+ 8hǫ)− 2x32} d
2F
(dx32)2
−{(ǫ+ 1) (6ǫ2 − 2ǫhx21 − 8ǫhx32 + 2h2(x32)2 + h2x21x32 − 2hx32)} dF
dx32
+ǫh(ǫ+ 1)(2ǫ− hx32)F = 0,
(8.5)
where F is a function of x32 and x21, but x21 appears in the previous equation as a
parameter. The general solution of (8.5) can be expressed as a linear combination
of four functions of x32, possibly containing x21 as a parameter; the coefficients of
this linear combination are four functions of x21 only. In general, even a symbolic
computation program like MapleTM is unable to compute the general solution if the
parameter ǫ is left unspecified. To construct explicitly solutions to system (8.1) we
consider separately two cases.
8.1 Case ǫ = 1
Using MapleTM, in the case ǫ = 1, the general solution to ODE (8.5) can be written as
F (x21, x32) =
f1(x
21)
x32 + x21
+
f2(x
21)
x32(x32 + x21)
+
f3(x
21)ehx
32
x32(x32 + x21)
+
f4(x
21)
(
ehx
32
+ hx32Ei(1,−hx32)
)
x32(x32 + x21)
,
(8.6)
where f1(x
21), . . . , f4(x
21) are arbitrary smooth functions of a single variable while
Ei(a, z) is defined as
Ei(a, z) :=
∫ +∞
1
e−λzλ−a dλ, for ℜ(z) > 0,
and extended via analytic continuation to the entire complex plane (except z = 0)
with the following expression:
Ei(a, z) = za−1Γ(1− a, z).
Here Γ(b, z) is the incomplete Gamma function. To determine the functions f1, . . . , f4
appearing in the expression above for F it is necessary to substitute back that expres-
sion into system (8.3) and perform several computations. We just report the result
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which is
F (x21, x32) = c0
1
x32x21
+ c1
ehx
32
x32(x32 + x21)
+ c2
e−hx
21
x21(x32 + x21)
, (8.7)
where c0, c1, c2 are arbitrary constants. Thus formula (8.7) provides a three parameter
family of solutions of (8.3), for h 6= 0. The reason for which (8.7) provides a three
parameter family of solutions for h 6= 0 is because of this. For h 6= 0, a basis of
solutions of (8.5) is given by 1
x32+x21
, 1
x32(x32+x21)
, e
hx32
x32(x32+x21)
, e
hx32+hx32Ei(1,−hx32)
x32(x32+x21)
, while
for h = 0, a basis of solutions is given by 1
x32+x21
, x
32
x32+x21
, 1
x32(x32+x21)
, ln(x
32)
x32+x21
.
The corresponding A can be recovered from (8.7) using (8.2). In the particular
case ǫ = 1, h = 0, it is possible to find directly the general solution of system (8.3). In
this particular case, a three parameter family of solutions determined using MapleTM
is given by:
F (x21, x32) =
c1
x32(x21 + x32)
+
c1
x21(x32 + x21)
+ c2,
where c0, c1, c2 are arbitrary constants.
8.2 Case ǫ = −1
Using MapleTM, in the case ǫ = −1, the general solution to ODE (8.5) can be written
as (for h 6= 0)
F (x21, x32) = f1(x
21) + f2(x
21)x32 + f3(x
21)ehx
32
(−2 + h2(x32)2)
+f4(x
21)ehx
32
(x32 − h(x32)2), (8.8)
where as before f1, . . . , f4 are arbitrary smooth functions of a single variable. The
four functions 1, x32, ehx
32
(−2 + h2(x32)2) and ehx32(x32 − h(x32)2) constitute a basis
of solutions for (8.5) (this is true for h 6= 0 while for h = 0 a basis is given by
1, x32, (x32)3, (x32)4). Notice that the two solutions 1 and x32 are obvious since for
ǫ = −1, F and its first derivative do not appear in (8.5). Again, to determine
the functions f1, . . . , f4 appearing in the expression above for F it is necessary to
substitute back that expression into system (8.3) and perform several computations.
We obtain for h 6= 0:
F (x21, x32) = c0
(
1
3
hx32 + 1− 1
6
h2x21x32 − 1
3
hx21
)
+c1e
−hx21
(
6 + 4hx21 + h2(x21)2 + 2hx32 + h2x32x21
)
+c2
ehx
32
(6 + h2(x32)2 + h2x32x21 − 2hx21 − 4hx32)
h
,
(8.9)
where c0, c1, c2 are arbitrary constants. Notice that this solution is valid for h 6= 0,
since for h = 0 the coefficient of c2 is not defined. This is consistent with the previous
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observation on the basis of solutions for (8.5). The corresponding A can be recovered
from the above formula for F using (8.2).
In the particular case ǫ = −1, h = 0, it is possible to find directly the general
solution of system (8.3). Indeed, in this case system (8.3) reduces to
x21
∂2F
∂x32∂x21
− x21 ∂
2F
(∂x21)2
+ 2
∂F
∂x21
− ∂F
∂x32
= 0,
−x32 ∂
2F
(∂x32)2
+ x32
∂2F
∂x32∂x21
+ 2
∂F
∂x32
− ∂F
∂x21
= 0,
x32
∂2F
∂x32∂x21
+ x21
∂2F
∂x32∂x21
− ∂F
∂x32
− ∂F
∂x21
= 0.
(8.10)
A three parameter family of solutions determined using MapleTM is given by
F (x21, x32) = c1 + c2
(
x32(x21)3 +
1
2
(x21)4
)
+ c3
(
1
12
(x32)4 +
1
6
x21(x32)3
)
,
where c1, c2, c3 are arbitrary constants. The corresponding A can be recovered using
(8.2).
9 Examples preserving the bi-flat F -manifold struc-
ture
We have seen in Theorem 3.10 that reciprocal transformations preserving the flatness
of both connections are homogeneous flat coordinates satisfying the further condition
e(A) = 0. Due to a Theorem proved in [8], in the case of the ǫ-system with n
components there exist n− 1 independent flat coordinates of this kind.
Let us consider the case n = 3, ǫ 6= 1
3
. The computations will determine two
of the three flat coordinates (the missing one is always given in any dimension by∑n
k=1 u
k; it is a homogeneous function but it does not satisfy the condition e(A) = 0).
Although flat coordinates were computed also in [8], the method followed here is
computationally more straightforward, leading directly to hypergeometric equation.
The general solution of the equations
e(A) = 0, E(A) = (1− 3ǫ)A,
can be written as
A(u1, u2, u3) = F
(
u3 − u2
u2 − u1
)
(u2 − u1)1−3ǫ,
where F is an arbitrary smooth function of one variable. (In general, the right degree
of homogeneity of A is given by (1− ǫn) for the ǫ-system in dimension n, with ǫ 6= 1
n
,
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see [8].) It is convenient to define as before x32 := u2 − u2 and x21 := u2 − u1 and
z := x
32
x21
. Now if this expression of A is substituted into the three PDEs that express
the fact that A is a density of conservation laws, all three PDEs reduce to the same
ODE of the second order in the unknown function F :
(1 + z)
d2F (z)
dz2
+
(
4ǫ+
2ǫ
z
)
dF (z)
dz
+
(
3ǫ2
z
− ǫ
z
)
F (z) = 0, (9.1)
whose general solution can be expressed in terms of hypergeometric functions as
follows:
F (z) = c1hypergeom([ǫ, 3ǫ−1], [2ǫ], 1+z)+c2(1+z)1−2ǫhypergeom([ǫ,−ǫ+1], [2−2ǫ], 1+z),
where c1 and c2 are arbitrary constants. Choosing c1 = 1, c2 = 0 and c1 = 0, c2 = 1
alternatively one obtains two densities of conservation laws A1 and A2 that are also
flat coordinates:
A1(u1, u2, u3) = (u2 − u1)1−3ǫ hypergeom
(
[ǫ, 3ǫ− 1], [2ǫ], u
3 − u1
u2 − u1
)
,
A2(u1, u2, u3) = (u2−u1)1−3ǫ
(
u3 − u1
u2 − u1
)1−2ǫ
hypergeom
(
[ǫ,−ǫ + 1], [2− 2ǫ], u
3 − u1
u2 − u1
)
.
In general it appears to be computationally very difficult to determine the corre-
sponding currents for general values of ǫ. As an example, we provide the current
corresponding to A1 in the case ǫ = 1. In this case we have
B1(u1, u2, u3) =
u1 + u3
(u1 − u3)(u2 − u1) +
1
u1 − u3 + c3,
where c3 is an arbitrary constant.
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